Identification of the mode shapes through monitoring is one of the key problems in damage diagnosis based on modal parameters especially for damaged structures. In order to obtain mode shapes of damaged structures easily and accurately, the mass-stiffness combined perturbation (MSCP) method is proposed in this paper. To do so, the relationship between the stiffness perturbation mode shapes of damaged and intact structures is firstly derived and established. en, the principle of similar frequency is applied to optimize the objective function of the most suitable mass perturbation model. Both numerical analyses and experimental tests on simple and complex structures demonstrate that the proposed MSCP method achieves higher precision than traditional mode shape identification methods. e additional advantages of the MSCP method include (i) lower requirement on the frequency analysis of only damaged structures and (ii) higher effectiveness for minor damage scenarios. In fact, the lower the damage, the higher the precision achieved by the MSCP method. As illustrated in the paper, the proposed technique has excellent applications in mode shapes identification and structural health monitoring.
Introduction
Damage assessment is an important subproblem of bridge health monitoring (BHM) that provides useful information for the decision-making process to maintain, repair, rehabilitate, or replace a structure [1] [2] [3] . Over the past three decades, changes in the modal parameters have been extensively used in damage assessment techniques [4] [5] [6] [7] . In these methods, the vibration characteristics of the structures, such as natural frequency, mode shape, frequency response function, modal flexibility, mode shape curvature, and modal strain energy, are traditionally used to detect structural damages [8] [9] [10] . e vibration methods might be classified in terms of the data set used as frequency-based [11] , mode shape-based [12] , and the combination of both [13] .
Frequency-based methods are based on the analysis of changes in natural frequencies [14] [15] [16] [17] . e main advantage of this approach is its applicability as natural frequencies are relatively simple to monitor on site with high precision [18] [19] [20] [21] [22] . However, there are many limitations in the use of changes in the natural frequencies to structural damage identification [12, 23] . Firstly, natural frequencies mainly reflect the global structural response. For this reason, especially in larger structures, a significant damage may cause very small changes in natural frequencies.
is reduced effect may be unnoticed during monitoring operations because of measurement noises and processing errors. Secondly, some environmental factors, such as temperature, may introduce uncertainties in the measured frequencies, leading to wrong damage identification results.
irdly, natural frequencies might be affected by the material performance degradation, such as concrete carbonation, cracked concrete, or steel corrosion [24, 25] . Moreover, the efficiency of the frequency-based methods depends on the analytical finite element model (FEM) as well as the accuracy of the information measured on site [11] . Most studies in the literature assume that a nondamaged (intact) FEM is precise enough to simulate the vibration properties of the structures [26] [27] [28] [29] [30] . However, in reality, these models include a number of uncertainties, such as modeling and measurement errors, inaccurate physical parameters, idealized boundary conditions, and nonlinearity in the structural properties, which might play an important role in the simulation of the natural frequencies [31] . erefore, it is widely believed that a change in natural frequencies alone might not provide enough information for efficient damage identification.
Alternatively to the frequency-based methods, the mode-shape approach assumes that omitting the changes in the mode shape adversely affects the accuracy of the damage detection algorithms [32, 33] . For this reason, effective damage indexes traditionally include mode shape information. Another advantage of this approach is the fact that mode shapes are more sensitive to identify local damages than natural frequencies. However, the use of mode shapes has also several drawbacks. Firstly, monitoring this information is more complex and relatively inaccurate, as the extracted mode shapes are commonly affected by environmental noises. Secondly, the number and location of the sensors might play an important role on the accuracy of the monitored mode shapes, and unfortunately, the size of the measurement set is usually significantly smaller than the one of the analytical model. Finally, the key problem of the vibration-based damage assessment methods is the monitoring and identification of mode shapes as relative changes of mode shapes are larger than those observed for natural frequencies [34] . To fill this gap, a convenient monitoring and identification method based on the mode shape analysis by the mass-stiffness combined perturbation (MSCP) method is proposed in this paper. Although the mode shapes are more sensitive to identify local damage, its monitoring is more complex and relatively inaccurate as it depends on the number and the location of the sensors. To solve this problem, a convenient monitoring and identification method is also proposed. To apply the MSCP method, the natural frequencies and mode shapes of the intact structure and mass perturbation structure should be obtained first through dynamic testing. e method only requires monitoring the frequencies of the damaged structure to perform damaged diagnosis with high accuracy and reduced monitoring cost. One of the main advantages of the MSCP method is its high effectiveness for minor damage scenarios. In fact, the lower the damage, the higher the precision achieved by the proposed procedure.
is paper is organized as follows: In Section 2, the proposed MSCP method is described. Firstly, the characteristic equations for the intact and damaged structural model are analyzed. en, the relations between changes in mode shapes due to damages and mass perturbations are established. Next, the principle of similar frequency is applied to optimize the objective function for selecting the mass perturbation model. In Section 3, numerical and experimental analyses are used to demonstrate the effectiveness of the MSCP method. In Section 4, a continuous bridge is analyzed to illustrate the application of the proposed technique to real structures. Finally, the main conclusions are drawn in Section 5. e advantages of the proposed MSCP method encourage its implementation into health monitoring systems for damage identification in bridges.
Mass-Stiffness Combined
Perturbation Method 2.1. Equations and Derivations. e characteristic equations of the intact and the damaged structure are as follows:
where K j and M j are the global stiffness matrix and global mass matrix and λ j i and ϕ j i are the i th eigenvalue (or frequency) and corresponding mode shape. ese parameters define both the undamaged (j � u) and the damaged (j � d) structures, respectively.
Structural damage is considered the result of a change in the stiffness and the mass matrix. According to the perturbation theory [35, 36] , the global stiffness and mass matrix for the damaged structure might be expressed as follows:
where ΔK and ΔM denotes the changes in the global mass and stiffness matrix, respectively. As a change in stiffness or mass leads to changes in the modal characteristics, the eigenvalue Δλ i and its corresponding mode shape Δϕ i can be expressed as follows:
According to the perturbation method, the characteristic equation of the damaged structure presented in equation (2) might be expressed as follows:
Assuming a constant mass in the structure, equation (5) might be written as follows:
where Δλ i,K and Δϕ i,K denote the changes in the i th eigenvalue and its corresponding mode shape due to a change in stiffness, respectively. From eigenvalue analysis, presented in equation (1), the following equation can be obtained:
is equation can be rearranged by postmultiplying equation (7) by (Δϕ i,K ) − 1 · ϕ u i , with (Δϕ i,K ) − 1 being the generalized inverse matrix of Δϕ i,K , and then premultiplying 2
Shock and Vibration equation (7) by (ϕ u i ) T and applying the property of orthogonality of mode shape with respect to the mass matrix (ϕ u i ) T · M u · ϕ u i � 1; then, equation (7) might be expressed as follows:
where (ϕ u i ) − 1 refers to the generalized inverse matrix of ϕ u i . Similarly, assuming a constant stiffness in the structure, equation (5) might be expressed as follows:
where Δλ i,M and Δϕ i,M denote the changes in the i th eigenvalue and its corresponding mode shape due to the change in mass, respectively. After applying the eigenvalue analysis presented in equation (1) and operating with the terms in equation (9) the term increment of Δλ i,M can be written as follows:
where (Δϕ i,M ) − 1 refers to the generalized inverse matrix of Δϕ i,M . When the change in the mode shape is neglected, that is to say the increment of Δϕ i,M is equal to zero, equation (10) might be approximated as presented in equation (11) . It is important to notice that in this equation, the second order changes in the above equation are neglected.
From equation (11), we can derive to the following expression:
erefore, equation (11) might be expressed as follows:
e existence of structural damage and the change in structural mass in a structural system leads to the modification of the vibration modes. ese modifications are reflected as changes in modal parameters such as natural frequency, mode shape, and modal damping value. In this study, it is assumed that the changes in eigenvalues due to stiffness perturbations are equivalent to those produced by mass perturbations. Mathematically this can be expressed by joining equations (8) and (13) as follows:
According to the included mode shape (IMS) changes method [32] , the changes of the natural frequencies might be analyzed by including the change of mode shapes as
In this way, the following equation can be obtained from the mass and stiffness perturbation method:
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In equation (15), the change in mode shape due to stiffness perturbation is expressed as a function of the change in mode shape due to mass perturbation. is equation represents the foundation of the proposed MSCP method, and it demonstrates that the results do not depend on the changes in mass ΔM.
e MSCP method is based on the following four parameters: (i) the change in the i th frequency Δλ i,M due to mass perturbation, (ii) the change in the mode shape Δϕ i,M due to mass perturbation, (iii) the change in the i th mode shape Δλ i,K due to stiffness perturbation, and (iv) the i th frequency of the intact structure λ u i . e mass perturbation model can be calculated by adding a vehicle load at different locations. In this way, both the frequency and its corresponding mode shape of the mass perturbation structure can be also obtained from dynamic testing. e changes in mode shape due to structural damage can be estimated with equation (15) .
In order to obtain the mode shapes in the MSCP method, modal parameters, such as natural frequencies and mode shapes of the intact structure and mass perturbation structure, should be obtained through dynamic testing. e main advantage of the MSCP method compared with other alternatives in the literature is that it only requires to monitor the frequency of damaged structures. anks to this characteristic, the damage diagnosis can be performed with high efficiency and reduced monitoring cost. e main problem for the application of the MSCP method is that a suitable mass perturbation model should be selected in advance to calculate the mode shapes of the damaged structures. For this purpose, an objective function must be established to select the optimal mass perturbation model. e definition of this function is presented in the following section.
Objective Function for Selecting the Mass Perturbation
Model.
e change in natural frequency varies directly with the square root of the change in stiffness and inversely with the square root of the change in mass. e same changes in natural frequency are produced by a change in stiffness or mass [37, 38] . Both stiffness and mass perturbation modify the modal parameters of the structures. is leads to the similar frequency principle, which states that the changes in a natural frequency produced by mass and stiffness perturbations are equivalent. According to this principle, an objective function for selecting the mass perturbation model might be expressed as follows:
where λ i,K and λ i,M denote the i th frequency due to stiffness and mass perturbation, respectively. e three steps used by the MSCP method to monitor the mode shapes of damaged structures are as follows: Firstly, the modal parameters due to mass perturbation are measured and the natural frequencies are monitored. Secondly, the similar principle between the frequency due to mass perturbation and the frequency due to damage is optimized to select an adequate mass perturbation model. irdly, the optimum mass perturbation model is used to calculate the mode shapes due to damage using the MSCP method (see equation (15)).
Numerical and Experimental Investigations
3.1. Numerical Model and Experimental Setup. A simply supported reinforced concrete beam with a length of 3.2 m and a rectangular cross section of 0.12 × 0.15 m was used to investigate the effectiveness to identify mode shapes of the MSCP method. e numerical model and the laboratory tests were established accordingly. A two-dimensional simply supported beam was modeled numerically using a FEM with an Euler Bernoulli beam modeled with MATLAB software. e density, modulus of elasticity, and Poisson's ratio are taken as 2500 kg/m 3 , 3.0 × 10 4 MPa, and 0.3, respectively. e beam structure was divided into 21 nodes and 20 beam elements as presented in Figure 1 .
In the laboratory test, a reinforced concrete (RC) beam was placed on two concrete abutments as presented in Figure 2 . e dimensions of both the beam and the abutments are included in this figure. In order to measure the modal parameters of mass perturbation structures, the 20 mass perturbation locations presented in this figure were considered. e length of each mass perturbation location is assumed as 0.15 m. e instruments used include an oscilloscope, a charge optimal modulator, a piezoelectric accelerometer, a computer, and signal cables. Seven piezoelectric accelerometers were connected to the oscilloscope to capture the acceleration signals in real time. e location of these sensors is presented in Figure 2 . e output of the piezoelectric accelerometer and the load input were amplified and filtered using a charge optimal modulator. e ambient vibration method was adopted in the laboratory test [39, 40] . e sample frequency was selected as 2000 Hz. e natural frequencies and mode shapes were obtained using the fast Fourier transform and cross-correlation function analysis methods [41] .
A picture of the real modal test including all the used instruments is presented in Figure 3 .
Mass Perturbation Scenarios and Damage Scenarios.
To obtain mass perturbation scenarios in the FEM, an 80% mass perturbation was added from elements 1 to 20. ese scenarios are defined as mass perturbations M1 to M20, respectively. In the laboratory test, the location of the mass perturbation location corresponds with that presented in Figure 2 . A concrete specimen weighting 5.65 kg, about 5.9 percentage of the test beam, is placed on the RC test beam from mass perturbation location 1 to 20, respectively. ese scenarios are named mass perturbations T-M1 to T-M20. e FEM and experimental RC test beam were divided into four damage scenarios, respectively: (a) In the FEM, the damage was simulated by the element stiffness decrease at element 10. e damage severity was assumed as 5%, 10%, 15%, and 20%. ese damage scenarios are named 1(D-1), 2(D-2), 3(D-3), and 4(D-4), respectively; (b) In the RC test beam, the damage scenarios were simulated with cracks at the 1/4 and 1/2 beam length locations as shown in Figure 3 .
ese cracks had a length of 25 mm and a width of 2 mm. e locations of the cracks (D1 to D4) of each damage scenario are listed in Table 1 .
When a structure is subjected to a change in mass or sti ness, the dynamic parameters, such as natural frequency and mode shape, will change consequently. To evaluate this phenomenon, the following two steps are followed in the laboratory test. Firstly, the additional concrete specimen mass (5.65 kg) was added to the intact RC beam from mass perturbation locations 1 to 20. us, the mass perturbation scenarios from T-M1 to T-M20 were obtained and the modal parameters were measured. Secondly, the sti ness damage scenarios were simulated by cutting the cracks speci ed in Table 1 . In this way, the damage scenarios from D1 to D4 were obtained and the modal parameters were measured. In the FEM analysis, the FEM updates are obtained according to the similar frequency principle with the laboratory RC beam. e natural frequencies of the FEM analysis and the experimental test are presented in Table 2 . Because of the many factors in uencing the experimental test process, the measured second and fourth frequencies in case D4 are larger than those in case D3. ese results are not 
Optimum for Mass Perturbation Model.
e second step of the MSCP method to calculate the mode shapes is to select the optimum mass perturbation model through the objective function in equation (16) . e obtained optimization mass perturbation locations of the damage scenarios are shown in Table 3 . is table shows that the damage scenarios between the FEM and the laboratory RC test beam are not exactly the same. It is difficult to find a consistent correspondence between the damage scenarios of the FEM and the RC test beam. To do so, only the results of FEM and laboratory RC test beam can be analyzed. Table 3 demonstrates that different mode numbers have different optimization mass perturbation locations. From these results, it can be concluded that the mass perturbation element location of each mode shape order is different for the same damage scenario. is is mainly due to the fact that the damage severity is different, and as illustrated in (see equation (15)) the MSCP method it is independent of changes in mass ΔM. erefore, the mass change does not need to be considered by the MSCP method. Although the mass changes should generate different optimum results using equation (16) , the mode shape calculation results of the damaged structures are not affected, and the same results are always obtained.
Results for Mode Shape Identification.
From the above analysis it can be concluded that one of the most evident advantages of the MSCP method is that it does not require the identification of the mode shapes of the damaged structure. erefore, the monitoring cost could be decreased. In order to identify the damage, the intact and damaged modal parameters should be measured and identified by using ambient vibration methods. Unfortunately, these two states (intact and undamaged) cannot be measured at the same time as they are separated by years. Another inconvenience from these procedures is the existence of a number of errors in both the intact and the damaged measurement processes, in particular errors in the mode shapes, that complicate the damage identification.
To validate the effectiveness of the MSCP method the mode shapes obtained by the FEM were analyzed. e first four mode shapes from the actual damaged mode shapes of the FEM, considering damage scenario D-1 of 5% error, and from the MSCP method are shown in Figure 4 . Figure 4 demonstrates that the mode shapes obtained using the MSCP method are more precise than those obtained by the monitoring and identifying method with a damage scenario D-1 of 5% error. is proves the effectiveness of the MSCP method. In the laboratory test, the mode shapes from actual damage mode shapes of the test and from the MSCP method are compared in Figure 5 .
Modal Assurance Criterion (MAC). For further comparison, the Modal Assurance Criterion (MAC)
method is discussed for both the FEM simulation and the laboratory test [42] . e mode shapes for the damaged 6 Shock and Vibration structure and the MSCP method can be veri ed using the MAC, as follows:
where ϕ M and ϕ d i are the mode shapes due to mass perturbation and damaged mode shapes, respectively. e highest MAC(M, i) factors indicate the most likely pairings of the damaged mode i and mass perturbation mode M. e correlation between the mode shapes of the damaged structure and the mass perturbation structures is checked using the MAC factors. e MAC factors obtained by the MSCP method for di erent damage scenarios of the FEM analysis (D-1 to D-4) and the laboratory tests (D1 to D4) are shown in Table 4 . Table 4 shows high MAC values of mode shapes for the MSCP method compared to damaged structures. is demonstrates that the calculated damaged mode shapes using the MSCP method are more accurate than traditional recognition methods. In order to compare the precision of 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 Node no. Figures 6 and 7 , respectively. Figure 6 demonstrates that the MAC values of the damaged mode shapes obtained with the MSCP method are higher than those of the damaged structure with a 5% error in the FEM (damage scenario 1, de ned as D-1). is proves the higher precision of the MSCP method. e results of the other damage scenarios (D-2, D-3, and D-4) con rm the same results with the exception of the third order mode shapes in damage scenario 4 (D-4). e main reason for this phenomenon is the severity of damage scenario 4 (D-4) is the highest (20%). Figure 7 shows that the MAC values of the damaged mode shapes obtained using the MSCP method are higher than those of the measurement damaged structure mode shapes in damage scenario 1 (D1). e highest MAC values indicate the most likely pairings of the comparing mode shapes. e minimum of MAC factors of the MSCP method with damage and intact with damage is 0.999 and 0.993, respectively. erefore, it can be concluded that the damaged mode shapes obtained using the MSCP method are very precise. e obtained results of the MSCP method are more precise against lower damage severities by FEM analysis.
is indicates that the proposed MSCP method is more suitable for minor damage scenarios.
Case Study Application

Bridge Description.
A three-dimensional global FEM of the Wangyu River Bridge, which is located across the Wangyu River, between Wuxi and Suzhou in China, is analyzed using the general purpose commercial software ANSYS as illustrated in Figure 8 . e main spans of this bridge are designed as four-span prestressed concrete (PC) continuous box girders with the arrangement of 50 m + 2 × 80 m + 50 m. e beam elements in the ANSYS element library are chosen to model the structural components of the bridge. ere are 376 nodes and 214 elements in the global FEM. 
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Mass Perturbation Scenarios and Damage Scenarios.
e main box girder of the Wangyu River Bridge was divided into 142 elements. erefore, a total of 142 mass perturbation models were considered by changing the density of every main box girder element from 2600 to 6000 kg/m 3 .
Four damage scenarios are considered on the main box girder. e damaged severity is assumed as 20%, and the damage locations were selected in elements 13, 49, 94, and 131 highlighted in Figure 8 . ese locataions are de ned as damaged scenarios I(D-I), II(D-II), III(D-III), and IV(D-IV), respectively. e natural frequencies and mode shapes of the intact structure, mass perturbation scenarios, and damage scenarios were analyzed in the FEM. e rst six orders of frequency are shown in Table 5 .
Practical Application
Optimum for Mass Perturbation Model.
e optimum for the mass perturbation model was selected through the objective function (equation (16)), and the obtained results are shown in Table 6 . Table 6 shows no correlation for the mass perturbation location of the damage scenarios. erefore, it can be concluded that di erent damage scenarios have di erent mass perturbation models and again that the MSCP method is independent of a change in mass ΔM.
Results for Damaged Structure Mode Shapes.
e mode shapes from the damaged structure, damage considering errors, and the MSCP method are shown in Figure 9 .
is gure illustrates that the mode shapes obtained using the MSCP method are more precise than those obtained by the monitoring and identifying method with a 5% error. ese results also prove again e ciency of the MSCP method.
Comparison of Modal Assurance Criterion (MAC).
e MAC method is used to check the correlation between mode shapes for the damaged structure and the mass perturbation structure. e MAC values of the MSCP method and the damaged structures of the Wangyu River Bridge for the four damage scenarios (D-I to D-IV) are shown in Table 7 . is table shows that high MAC values of mode shapes are obtained by the MSCP method compared to the damaged scenarios.
ese results demonstrate the higher accuracy of the damaged mode shapes obtained by the MSCP method. e comparison results of the MAC values are shown in Figure 10 . Figure 10 demonstrates that the MAC values of the damage mode shapes obtained using the MSCP method are higher than those of the damaged structure in D-1 (that is considering 5% error in the FEM). e highest MAC factors indicate the most likely pairings of the comparing mode shapes. 
Conclusions
is paper proposes the mass-sti ness combined perturbation method for monitoring the mode shapes of damaged structures. A numerical analysis and a laboratory test are conducted to demonstrate the e ectiveness of the MSCP method. In addition, a concrete continuous bridge is analyzed to illustrate the application of the proposed technique to real structures and to encourage its implementation into bridge health monitoring systems. e analysis of these numerical, experimental, and practical cases showed that the proposed MSCP method works well for structures with small damage severity. erefore, this method is especially suitable for identifying mode shapes under minor damage scenarios.
Compared with the existing methods in the literature, the proposed technique maintains the following main advantages: (1) the errors in the identi cation of mode shapes are avoided as there is no need to monitor and identify mode shapes of damaged structures and (2) the monitoring procedure turns more practically convenient and accurate since only the vibration frequency needs to be measured, and meanwhile, it keeps the high precision on identi cation of the mode shapes.
Notations K u :
Global sti ness matrix for the intact structure M u : Global mass matrix for the intact structure λ u i : e i th eigenvalue (or frequency) for the intact structure ϕ u i : e i th mode shape for the intact structure K d :
Global sti ness matrix for the damaged structure M d : Global mass matrix for the damaged structure λ d i : e i th eigenvalue (or frequency) for the damaged structure ϕ d i : e i th mode shape for the damaged structure ΔK:
Change in the global sti ness matrix ΔM: Change in the global mass matrix Δλ i :
Change in the i th eigenvalue (or frequency) Δϕ i : Change in the i th mode shapes Δλ i,K : e change in the i th eigenvalue (or frequency) due to the change in sti ness Δϕ i,K : e change in the i th mode shape due to the change in sti ness Δλ i,M : e change in the i th eigenvalue (or frequency) due to the change in mass Δϕ i,M : e change in the i th mode shape due to the change in mass λ i,K : e i th frequency due to sti ness perturbation λ i,M : e i th frequency due to mass perturbation F obj : An objective function for selecting mass perturbation model. Considering errors with damage MSCP method with damage 
